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Abstract 

We present different non-perturbative calculations within the context 
of Migdal's representation for the propagator and effective action of 
quantum particles. We first calculate the exact propagators and effec- 
tive actions for Dirac, scalar and Proca fields in the presence of con- 
stant electromagnetic fields, for an even-dimensional spacetime. Then 
we derive the propagator for a charged scalar field in a spacelike vor- 
tex (i.e., instanton) background, in a long-distance expansion, and the 
exact propagator for a massless Dirac field in 1 -|- 1 dimensions in an 
arbitrary background. Finally, we present an interpretation of the chi- 
ral anomaly in the present context, finding a condition that the paths 
must fulfil in order to have a non- vanishing anomaly. 



1 Introduction 

Worldline formulations have been applied since a long time ago [T] to the 
derivation of many interesting Quantum Field Theory results. More recent 
applications have emerged as a by-product of the new insights gained by the 
re-derivation of worldline representations by taking the infinite tension limit 
in (perturbative) string theory amplitudes [2], and by the introduction of new 
ways to handle the spin degrees of freedom [HlllllE]- Besides, elegant proposals 
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to treat more general situations, involving internal degrees of freedom and 
general couplings to higher-spin fields have been advanced [EIIZ|. 

In these methods, different sets of variables and alternative constructions 
have been used in order to 'exponentiate' the relevant observables and then 
perform the path integral. In spite of the formal equivalence between the 
different methods, there are few concrete calculations that may serve as tests 
to gain a deeper understanding of the method and about the physics in- 
volved. Important steps in that direction have already been taken; indeed, 
some non-perturbative calculations corresponding to external constant elec- 
tromagnetic fields have been obtained within the worldline representation |H]. 
Another setting were the worldline approach can be independently tested is 
in numerical calculations p]. 

In this article, we present new tests corresponding to concrete examples, 
obtained within the worldline path-integral representation for Dirac fields in 
the first order formalism introduced by Migdal in [101 and further extended 
in lUIH]. The first order formalism preserves the geometrical picture and is 
quite intuitive (for example, it does not involve Grassmann variables). These 
two features are, we believe, among the main advantages of the worldline 
method. It is also more adequate for some numerical computations which 
are specially suited for non perturbative calculations. 

We shall follow our previous work [TT], where some features of the method 
have been discussed in detail, including a proof of the equivalence with stan- 
dard Quantum Field Theory at the perturbative level. 

The structure of this paper is as follows: in section O we briefly review 
the main properties of the representation introduced in [in], with emphasis 
in the objects we shall be concerned with in the examples. To elucidate 
the quite general nature of this approach, we also introduce the worldline 
representation for the propagator and the effective action corresponding to 
a Proca field. 

Ininiwe deal with a constant F^i, field in 1 + 1 dimensions, for the Dirac, 
scalar and Proca cases. In sectionHJ we generalize the previous cases to d > 2 
( d = even) dimensions. 

Section [HI contains a derivation of the scalar propagator in a vortex-like 
background in 1 + 1 dimensions, and section M the calculation of the exact 
propagator for a massless Dirac field in 1 + 1 dimensions. 

In section U\ we present a study of the kind of 'roughness' one should 
expect the trajectories to have, in order to contribute to the chiral anomaly. 
We show that there has to be a singularity in the correlation between different 
time derivatives of the paths, whose precise form depends on the number of 
spacetime dimension. 

Finally, section |H1 presents our conclusions. 
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2 The method 



Our aim here is to calculate the propagator and effective action corresponding 
to external electromagnetic fields. We shall be concerned with Dirac, scalar 
and Proca models, coupled to Abelian gauge fields. 

Let us consider first the case of a massive Dirac field in d Euclidean 
dimensions, whose action, S*/, has the following form: 



Sf{'4j,^,A) = j d''x^lj{]p + m)ilj , (1) 

where 

P = lf,D^ , = df, + ieA^ , 7J = 7^ , /i = 1, . . . , d . (2) 
The 7^ matrices satisfy the Clifford Algebra: 

{7M'7i.} = 2 5^^ V/i = l,...,d, (3) 

denotes an Abelian gauge field and e is a coupling constant with the 
dimensions of [mass]^. 

In the worldline formulation of ^Hl, the fermion propagator, denoted here 
by Gf{x,y), is represented by the path integral: 

rx{T)=x 



poo pXyl j — X 

Gf{x,y) = / dTe"™^ / VpVx e'^o <i^p(-y^i-) 

Jo Jx{0)=y 
X p^Q-^ lo d.Tt/(T)-^ ^-ie dTx{T)-Alx(T)] ^ 



where we have explicitly indicated the boundary conditions for the x^(t) 
paths. The P/i(r) paths are, on the other hand, unconstrained. 

Another object we will be interested in is Tf{A), the (normalized) con- 
tribution of the fermionic determinant to the effective action: 

rdet ( JZ> + m) 1 

Tf{A) = -In y- f = -Trln(^ + m) + Trln(^ + m), (5) 

L det ( ^ + m j J 

which (by definition) verifies Tf{0) = 0. 

For Tf{A) we have the worldline representation: 

Jo T Jx{0)=x{T) 

X tr[Pe~*^o^'^'^*^*-^''] e~*'^-''o^'^™'''''^-*^''^^^'^^l , (6) 
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where the functional integration measure may be formally represented as: 



^■fvx - n \Iy . (^) 

0<T<T ^ ' 

and it is (also formally) dimensionless, since there are as many dp\ as there 
are rfx's in the integration measure and, in our conventions, h=\. Of course, 
this formal definition can be made more rigorous by introducing a discrete 
approximation to it, and taking the corresponding limit. This procedure will, 
indeed, be used later on to deal with some examples. 

We will also consider complex scalar fields, their propagators (to be de- 
noted by Gfo) and their contribution to the effective action (F;,). In the 
context of the worldline formulation we have explained before, those objects 
have similar expressions to their Dirac counterparts. Indeed, if the field the- 
ory action Sh for y?, is: 



(8) 



then, an entirely analogous definition to the one used for the Dirac field leads 
to 

POO /•x{T)=x 

Gbix,y) = / dTe-""'^ / VpVx e'^o '^-Pi-y^i-) 

Jo Jx{Q)=y 

and 

poo jrji p 

Jo T Jx(0)=x(T) 



X e 



ix{0)=x{T) 



Jo drp^ir) ^-iejg dra;^(r)A^ [a;(r)] ^ ^-j^g^ 



It is interesting to compare the previous expressions with their Dirac field 
counterparts: note that the difference amounts to replacing the object 

$j(T) = p[e-*^'j'^"^(")], (11) 

by 

$5(T) = e-^odrpHr)^ (12) 

in the corresponding fermionic formula. Besides, there is a (—1) factor in Th 
because of the different statistics; m is replaced by m^, and the trace of 
is of course absent. 
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This general structure will reproduce itself with more or less straightfor- 
ward changes for the next example that we shall consider: the Proca field, 
for which we use to denote the field variable, to avoid confusion with the 
gauge field A^. The Euclidean action, Sp, is defined by: 

'S'p = y d'^x (^^ff,uff,u + ^m^a^a^ j . (13) 

where f^u = dfj^a^ — d^a^. This action corresponds of course to the case of 
a real field, for which it makes sense to define the (free) propagator, but 
to allow for a coupling to an external gauge field A^, we also consider the 
complex field version: 



Sp{a*, a; A) 



j (fx {]^\D^a, - D,a^\^ + m^\a\^) (14) 



with the covariant derivative Z^^ = + ieA^. 

Based on the form of the Euclidean actions, it is rather straightforward 
to derive the propagator in the presence of an external field A^. Indeed, we 
have 

POO px{T)=x ^ 

Gp{x,y) = / dTe-""'^ PpDx e*^o "^-pM-^M 

Jo Jx{0)=y 

X <l>p(r) e-^'=i'6^'^™M-^[^W] , (15) 

with ^ 

$p(r) = Pexp[- / rfrp,(r)p^(r)r^J (16) 

L Jo ^ 

and the F^^ are a set of ci x d matrices whose components are: 

= ~ ^(^a^V + ^auSpf,) . (17) 

It should now be clear that, when considering the one loop effective action 
one needs to evaluate the expression: 

Tp{A) = -T^e-"'"^ [ PpPxe^^^'^^^'M-^M 

Jo T Jx{0)=x{T) 

X tr[$p(T)] e-*^i'<)^'^™(^)-^[^M] . (18) 

A quite remarkable property, that we may use to our advantage, is that 
the functional integral over x^, for a given background field is the same 
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for all the fields. The diff'erences shall of course appear when evaluating the 
integrals over p^, since they are affected by the spin-dependent factor $(T). 

We conclude this section by mentioning that the previous representations 
are not unique (in many ways) . One of the reasons is that one may always 
describe a theory (with any spin) in terms of first order equations, although 
for a different set of field variables. Indeed, the equations of motion for a free 
field ip may always be written as follows [T2] : 



(19) 



(r,,9^ + m)0(x) = 



where is a multicomponent field, defined in terms of and its derivatives, 
while are matrices whose form depend on the spin content of the original 
field v?- For example, for a massive real scalar field we may write the 
action: 

(20) 



f21^ 



^ = J J rf'x0(rA + "^)0. 

where the are, in this case, the {d+ 1) x (d + 1) matrices 



[rj, 



and 



The 'adjoint' is defined as: 

To 



( V \ 

—diip/m 
-d2(f/m 

\ -dd(f/m I 
"^Fo, where 



(22) 



1 



(23) 



If the field is instead complex, and it is coupled to an external gauge field 



A^, we have 



S 



m 



(24) 



with the only difference with respect to the previous case in that (p = 0^Fo. 

The generalization to higher spins J is simple, although care must be 
taken when considering J > 1 [12], due to the existence of non-trivial con- 
straints on the state vectors, depending on representation chosen for the F^ 
matrices. 
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Once this first-order formulation is introduced, one may write a world-line 
representation for the one-loop effective action F, which is given by: 

T{A) = / — e-*"^ / VpVxe'^o 'i^P^(^)^^(^) 

Jo T Jx{0)=x{T) 

X tr['Pe~*-''o^'^'^^''^''*^'^^] e~^^^'^ '^'^^^'"'^^'^^^^'^'^^'^ , (25) 
which has the same structure as the one introduced for the Dirac case ^ . 



3 Constant external field in 1 + 1 dimensions 
3.1 Dirac field 

We shall present here the evaluation of the fermionic determinant and prop- 
agator for a massive Dirac field in the presence of a constant external F^^ 
field, in 1 + 1 dimensions. As usual, rather than working directly with the 
determinant, we instead use the effective action V f{A), 

Jo T Jx{0)=x{T) 



X tr 



where is such that: 



(26) 



(27) 



with F = constant. For A^ we adopt a gauge-fixing condition such that 



AAx) 



-FX2 , A2 



. 



(28) 



We then see that: 



r/(^) = ^ 



dT 



-m.T 



Vp tr 



Zip,F) (29) 



with 



Z{p,F) 



x{0)=x{T) 



^The structure is more complicated for J > 1, see [T2] . 
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X 



We shall now evaluate Z{p,F). As it will become clear, the same object 
appears within the context of the complex scalar field determinant. 

To evaluate, we first separate it into two iterated integrals, one for each 
component: 

Z{p,F) = I |e*i'o''^™2(r)p2(r) 
Jx2{0)=X2{T) 

JxiiO)=xi(T) ^ 

The two previous integrals are quite simple to evaluate, the result being: 

Z{p,F) oc exp[--^^ dTpi{r)p2{r)], (32) 

an expression which captures the exact dependence on p^(t). However, in 
order to calculate Tf{A) exactly, we need to know the exact form of Z{A), 
including any relevant global factor. One safe way to do that is, as usual, to 
introduce a discretization of the functional integral. For example, splitting 
the [0, T] interval into n sub-intervals, we see that the functional integral 
over Xi(r) is given by the limit: 



/ VXi e«/o^'^™iW[e-P'^2(r)+pi(7 

Jx,(0)=xUT) 



lxi{0)=xi{T) 

= ii- { / (n/^!'0 e^^-^(^5^"^-^i^')[^^^^^^+-^^''l| , (33) 

where xf''^ denotes xi(r) at the discrete time r^, with Tk = and a similar 

convention for X2 and p^. Periodicity requires x^"^^'' = x^i}\ It is then 
immediate to see that: 

n 



k=l 



n-l 



L, n2vr5(eF(x? -x?-^)) + p? - pf^) , (34) 



k=l 
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where Li is the total length of the system along the Xi coordinate. Discretiz- 
ing also the 0:2 (r) integral, an analogous calculation yields: 

( , 27r , 1 i (fc)/ (fc+i) 

Z{p,F) = L1L2 lim J (_)"-! e-^^*=iP2(pi -p\') 

eFLiL2 f/Svr _^ y-" J'^'^J'^+'^-d'*^' 

= ^ hm <^ ( — )"e eF z^fc=iP2 (Pi ^1 n , (35) 

n^oo eF J 

where L2 is the system length along the second coordinate. We have factored- 
out the dimensionless quantity ^ = which measures the 'flux' through 

the system's area L1L2, in units of the elementary flux. 

Note also that the product of 6 functions implies, in particular, that the 
integral over pi(r) (to be performed next), will be over a space of periodic 
paths. Namely, the integral over x enforces periodic boundary conditions for 
the integral over pi. 

Then we insert the previous result for Z{p,T) into the expression for 
Tf{A), and see that: 

Tf{A)=^ r^e-^ f Vp 

Jo ^ Jpi{0)=pi{T) 

where the new integration measure for p{t), Vp, is deflned by: 

- n (37) 

0<T<T 

(note that one of the two (27r) factors from cancels out). In the integral 
over p(t), due to the presence of the term / drpi{T)p2{T) in the exponent, the 
functional integral is equivalent to the operatorial trace of an evolution oper- 
ator, with the p^'s replaced by time-independent, noncommuting operators: 

r/(A) = e^°°^e-^Tr(e-^^^), (38) 
where the p^'s satisfy the commutation relation: 

[pi,p2] = -leF , (39) 
and the trace is over Hilbert and Dirac spaces. 
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To evaluate that trace we first write the operator "p more explicitly, as 
follows: 

f = \/2iFO, (40) 

where 

and a = at = Ei+i^ (^e assume that eF > 0). 

Since the operators a and verify [a, a^] = 1, we can calculate the 
spectrum of the self-adjoint operator O exactly. Indeed, we find the exact 
eigenvalues and eigenvectors to be the following: 

d\^o) = 0, (42) 



where 
and 



= ±v^, n = 1, 2, ... (43) 



l^o) = ( 1) . (44) 



. |0) _ 

Here, \n) denotes the (normalized) eigenstates of the 'number' operator a)d. 
Note that the upper element in \(po) is (the null vector), while the lower 
one is the 'vacuum' state. 

Then the effective action becomes: 

^ ^ n=l ^ 

or, integrating out T: 

oo 

Tf{A) =^ Inm + ^ln(m2 + 2eFra) , (46) 

n=l 

where we have neglected a constant which is independent of F and m. 
Now to sum up the series, we use the representation: 

\nx = -lim -^fx^^l, (47) 
s^o ds 
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to obtain: 



Tf{A) = eiim;^ <j ^(m^ + 2eFn)"' + m"^ , (48) 

'"^ n=l 



or: 




J I °° 2 

^^^^^ = ^ E(2e^)"^(^ + ^)"^ + "^"^^ ' (49) 

n=l 

and 

r,(A) = e lim^ |(2eF)-\H(s; 1 + ^) + ^"^ h (50) 

where (h denotes Hurwitz ^-function. The effective action is then obtained 
by taking the limit explicitly, and it is coincident with the results of [T3] . 
namely: 

Tf(A) = L,L2 [_^l„(2eF) 

The imaginary part of r(i+i)(yl) in Minkowski spacetime may be obtained 
by Wick rotating: F iF, so that: 

°° 2p.Pfi 
$>[f(i+i)(A)] = J2 arctan[^] , (52) 

ni 

n=l 

which can be also written in terms of the dimensionless vacuum angle [HI 9 
for the massive Schwinger model 

e^'-f, (53) 

as: 

^^[f(i+i)(A)] = arctan[(4) -] . (54) 

n=l 

The result for the imaginary part does not exhibit the periodicity in 6 of the 
interacting model, since here the gauge field is not dynamical. 

The procedure we have followed for the calculation of the effective action 
may of course also be applied to the propagator, if one takes into account 
the main differences: namely, that the integration over x is not over periodic 
paths, and that the spin degrees of freedom are not traced. Thus we are lead 
to: 

poo 

Gf{x,y) = / dTe-"^^(x|e-^^^|2/), (55) 
11 



with the same definition for p we had in the eff'ective action calculation. In 
abstract operatorial form: 



Gf = / dTe-"^' e-''^, (56) 
Jq 

and matrix elements may be taken with respect to any convenient basis. Since 
we already know the eigenvectors of we can use that basis. Integrating out 
over the 'time' T the result is 

1 r 2m —2im ^ 

n=l 



where 



and 



P» = ( |0)°0| I (58) 



3.2 Complex scalar field 

Let us now consider the changes that arise when calculating the effective 
action Tb, for the same gauge field configuration. First, we note that the 
calculation of Z{p, F) goes through in the same way as for the Dirac case, 
and we directly arrive to 



oo 



dT 



r,{A) = -e ::^e-^'^TT[e~'^'^P^\, (61) 

where the operators are the same as the ones from the Dirac field cal- 
culation. The trace Tr is now over the Hilbert space only. In terms of the 
destruction and creation operators a, d^ used in the previous subsection, we 
see that: 

r,{A) = -e /"^e— ^^Tr[e-^2^^(-^+^)], (62) 







where J\f is the number operator corresponding to d and a^: 

Af = d^d . (63) 
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Then we write the trace in terms of the eigenvalues, 



^ n=0 

and integrate over T to obtain: 

oo 

ThiA) = ^In [m^ + eF{2n + 1 



T2eF(n+l) 



(64) 



(65) 



n=0 



Of course, this may be evaluated as in the Dirac case in terms of Hurwitz C 
function: 



s=0 



(66) 



Again, the result is identical to the one of [T3] . 

The scalar propagator, Gb is simpler than its Dirac counterpart. Indeed, 
a straightforward calculation yields: 



Gb 



ciTe"™'^ g-T2eF(ata+i) 



or 



n=0 



m2 + 2eF(ra + 



(67) 
(68) 



3.3 Complex Proca field 

To calculate the effective action Tp (for the same gauge field configuration 
as before), we make again use of the result for Z{p, F), what in the present 
case leads to 



TpiA) 



dT 



e-^"^ Tr 



(69) 



with the same operators as in the Dirac field case. The trace meant both 
over Hilbert space and Lorentz indices. In terms of the annihilation and 
creation operators a, we have already introduced, we see that: 



Tp{A) - 
where Q is the operator 
Q = 



— e-™'^ Tr 
T 



e 2 ^ 



(70) 



-{d-d)f z(a2-at2) 
i{d? - a)"^) (a + a^f 



(71) 
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In order to evaluate the trace, it is convenient to look for the eigenfunctions 
and eigenvalues of the Q operator. We first rewrite Q as follows: 

Q = (2^+1)/ + d'r] + (at)2ryt ^ (73) 
where / is the 2x2 identity matrix, while rj denotes the nilpotent matrix: 

V=(-} ; V (73) 



Eigenvalues A and their corresponding eigenvectors |^) of O may be found, 
for example, by decomposing (an arbitrary) as follows: 

1^^) = |e+)®|x+) + |e_)® Ix-) (74) 
where |e±) are two-component vectors: 



V2 

which are obviously linearly independent and satisfy: 

r]\e+) = -2|e_) , r/t|e_) = -2 |e+) 

r/t|e+) = , r/|e„) = 0, (76) 

while \x±) are general Hilbert space vectors (scalars with respect to the 
Lorentz group). 

Inserting the general decomposition into the eigensystem equation, we 
obtain: 

(2AA+1 - A)|x+) + 2ia^y\x-) = 

2a^\x+) + (2A^+1 - A)|x-) = 0. (77) 

Now it becomes trivial to solve the last system, for example by using the 
basis of eigenstates of the number operator for \x±)- 

00 

= E^*^^!^)' (78) 

n.=0 

where \n) denote the eigenvalues of the number operator. This yields re- 
currence relations for the Cn^^'s whose solutions are polynomials only if A 
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equals an odd integer. Otherwise, the resulting eigenfunctions are not regu- 
lar, and must therefore be discarded. For the regular solutions, A = 2Z + 1, 
/ = 0, 1, . . ., there is no degeneracy. Thus: 



Tp{A) 



dT 



-rn^T 



E 



g-^f T(2«+l) 



(79) 



which may be integrated over T to obtain: 



rp{A) = Y.^n[m' 



eF 



(2/ + 1 



(80) 



Of course, this is equivalent to the massive scalar field, with the trivial re- 



placement: eF — > ^: 



s=0 



(81) 



4 Generalization to d = 2k dimensions 



The calculations of the previous section may be easily generalized to the case 
of a constant F^,^ field configuration in d = 2k dimensions ^. Indeed, one 
easily sees that the effective action for the fermionic case shall be given by 
an expression which is formally identical to pT 



Tf{A) = I —e 



-mT 



Vp tr 



Z{p,F) 



where Z{p, F) is given by: 



2{p,F) 



'x{0)=x{T) 

as follows from the gauge field configuration: 



(82) 



(83) 



2 Tf^i,X,y, 



(84) 



which satisfies the gauge-fixing condition d ■ A = 0. 

The easiest way to calculate Z{p, F) is to reduce the problem to a set 
of decoupled 1 + 1-dimensional systems, and then to take advantage of the 

^The essential features of the problem are the same for odd dimensions but they present 
subtleties which deserve a separate treatment [Tfi| . 
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results of the previous section. That may be done by using the fact that 
F = (F^iy) is a real antisymmetric matrix; hence it may be reduced to a 
block-diagonal form f by performing a similarity transformation with an 
orthogonal matrix R: 



f R. 



(85) 



Each one of the blocks is 2 x 2 and antisymmetric, so that the reduced 
matrix has the following structure: 



/(I) 

-fW 

















v 























... \ 





/(^) 

./W / 



(86) 



where the f^'^\ {a = l,...,k) are real numbers, which we assume to be 
different from zero (although the particular case of one or more of them being 
equal to zero may of course be dealt with at the end of the calculation). Then 
we redefine the momenta and coordinates in the path integral, according to 
the following transformation: — (R~^)^j,p,^, — * (R~^)^jyX,^. The 7 
matrices are also redefined with R and of course we arrive to an equivalent 
representation of the Clifford algebra. We use the same notation for the new 
7-matrices although we have the new representation in mind. 

The general form of the matrix F can be further simplified in some par- 
ticular cases, when there are some extra restrictions on the configuration. 
An interesting example corresponds to c? = 4, where one has the possibility 
of considering a self-dual field: 



1 



(87) 



This relation implies that F^ = —p I, where I is the unit matrix and 
P = \F^yF^y. Then the two blocks in the canonical form for F are de- 
generate: 








/ 





\ 




-/ 






















/ 


V 








-/ 


/ 



what does simplify some calculations. 
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Rather than using the index /i, we introduce the notation pf' (a = 
1, . . . , k, i = 1,2), which distinguishes the components according to the 2x2 
block they belong to. The same convention is adopted for x^. Then: 

dT 



r/(A) 



-rriT 



T 



Vp tr 



(89) 



where 



Z{P,F) = f[ [ exph f dr[xf\T)pf\r) 

" Jx(")(0)=a;('')(r) Jo 



(90) 



Of course, for each value of a we have an integral which is identical to the 
one for the 1 + 1 dimensional case. Thus: 



^(fe)/„(fc + l)_„('=)- 



a result which we include into (|89j) . to obtain: 

k 



I 



X 



where: 



a=l 

Y[ Vp^"^ trjp exp [-if dr^^^'^pf (r)] 

a=l 



o<T<r 



(92) 



(93) 



Of course, the expression for T f{A) in may be converted to: 

k 



a=l 



(94) 



where ^'^'^^ = '^^i^'pf'' + 12^P2^ {a is not summed). The p*^'^'' operators verify 
the commutation relations: 
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(95) 



and the trace is over Dirac and Hilbert space. Since the 7 matrices satisfy 
the anticommutation relations: 



we easily see that: 
Then 



= , Va^6. 



ia) 



(96) 
(97) 



-mT 



X 



1+ E E(' 



(98) 



ni,...,nfe=l a=l 

or, doing the integral 



a=l 



(a) 



ln(m) + ^ ln(m2 + ^(e/(")na))j . (99) 

ni=l,...,nfc=l 



a=l 



which upon regularization leads to the known result (|13|1. 



5 Vortex-like background in 1 + 1 dimensions 

In this section we consider a singular background, corresponding to a gauge 
field such that: 



i 



111/ ^ 1 



(100) 



S{C) 



where S{C) is the planar region enclosed by C, and $ is a constant. In the 
symmetric gauge: 

(101) 



A ( \ ^ '^'^ 

^^^^ ~ ^2^^''^'^^^ • 



Let us first consider a complex scalar field. In the expression that leads 
to its propagator, we integrate out the p variable, obtaining: 

POO /•x{T)=x 

Gbix,y) = / dTe-"^'^ / Vx 

Jo Jx{Q)=y 



X 



r 1 

exp- j drl-x'iT) + z ei;^(r)A^(r)] , (102) 
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where we have absorbed a normalization constant in the integration measure 
for X. Next we rescale the time variable: r = Tt, 0<t<lto derive the 
equivalent representation 

fOO /•x{l) = x 

Gb{x,y) = / dTe-""'^ / Vx 

Jo Jx{Q)=y 
/•I 1 

X exp- j dt [^i'(t) + ieXf,{t)A,,{t)] . (103) 



And we recognize (|in3|) as the propagator for a non-relativistic particle of 
'mass' (2T)~^ moving in two spatial dimensions in a vortex-like background, 
corresponding to a time interval equal to —i. Recalling the results of ([TK]). 
we may write an exact expression for the result of the path integral over 

cx(l)=x r -1 L(a;2+^2') +00 

r" + 00 



X 



j "rfAe^'(^^-^-+2^") /a(^) , (104) 



where and 9y are the angular coordinates of x and y, respectively, while 
Ix is the modified Bessel function of order A. 

The sum over n can be transformed by means of Poisson's summation 
formula: 

+0O +00 I 

J2 e-(2-A-e*) ^ J2 6{X-^ + k) , (105) 

n=— oo A:=— oo 

and this allows us to integrate out A. Then: 



5^,' ['+«(».-''.>] 4^g(yM). (106) 



+00 

X 

fc=— oo 

Following [in], we perform a unitary transformation in order to absorb 
the phase factor e*^'^^""^"'^ into the propagator. At the level of fields, the 
transformation is 



(x) = e-'^'- <Pix) , <P{y) = e'^'y cj>{y) , (107) 
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while for the propagator we have: 

Gt{x,v) = {4>(x)4'(y)) = e''^^''-'''> Gt{x,y) 



and, of course, physical observables are not sensitive to this transformation. 

Then we see that the form of the propagator Gb{x,y) is periodic in the 
difference between the angles 6y — 0^, and it has the form of an expansion in 
'partial waves': 



+00 



Gt,{x,y) = ^ e^''-'y-'-^Gi'\\x\,\y\) (109) 
fc=— 00 

where each G^'^^ corresponds to the k'^'^ partial wave: 

G-(M.M).f i5,e--e--^4,.(yM). ,no, 

The integral over T cannot be performed exactly, but we may instead 
integrate term by term by expanding the Bessel function in a 'long-distance' 
approximation: \x\\y\ » T. This amounts to large values of \z\ in the 
following asymptotic expansion 



+00 



(-ly r(z/ + / + i) 



^ (27rz)^ ^ (2.)' /!r(z.-/ + i) • ^^^^^ 

Inserting the first line in the previous expansion (the second is exponentially 
suppressed) for for each partial wave in ()110p . and integrating out T, we 
obtain: 

27r2 ^ T{k + b+ ^-l) 



Qa,||^|y+i/2 V 2m 



where we introduced the dimensionless fiux: b = 

2n 
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6 Exact results for the massless Dirac field in 
1 + 1 dimensions 

We will consider now the massless fermionic propagator in 1+1 dimension in 
the presence of an arbitrary external field. The result is known to be solvable 
[T7| . We start with the fermionic propagator given by ^ with the vector 
field Afj^ written in the form 

Af,{x) = d^x + i(^tiud^<t>. (113) 

this is always possible in 1+1 dimension. The last factor in the path integral 
in Eq. (jH) reads 

-ie / (irx(r) ■ A[a;(r)] = -ie / drx^{T) • {df_,x + i^^tJ^vdyct)) (114) 
JQ Jo 

The first term gives a total derivative in the integral over the path which is 
independent of the path and can be taken out of the path integral 

-ie / dTx{T) ■ A[x{t)] = -ie{xix) - xiv)) - ie dTx^,{T)ief,„d^(f) (115) 
Jo Jo 

As was shown in [101 HI] terms with a x(r) can be substituted by a 7 inside 
the path integral. Thus the path integral can be written in the following 
form 

poo p X (7^) — X 

Gf{x,y,m) = e"^"^^^^)-^^^')) / rfTe"™^ / VpVx e'^o 'i-p(^y^i^) 



Jo Jx{0)=y 

X p[e-^i'6''^"2^W-^Ts^<^] , (116) 

where we have used the fact that, in 2 dimensions, 

^l^,e^,y^y = -75 ^ . (117) 

Consider now the action of the following infinitesimal transformation on 
a free fermionic propagator 

GJix, y, m) = e'"^5"(")G/(x, y, m)e'"^^"(^) (118) 

where a{x) is infinitesimal. Then the first order variation can be written as 
follows 

6GJ{x,y,m) = G'}{x,y,m)-G^f{x,y,m) (119) 
= ie'j5a{x)Gf{x, y, m) + ieGf{x, y, m)'^^a{y) 
= ie-f5a{x)Gf{x, y, m) - ie'^^a{y)G f{x, y, -m). 
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From the last equality it follows that for massless Dirac fields we have 

6GJ{x, y,m = 0) = ie^y^i^a^x) — a{y))Gf{x, y,m = 0). (120) 

The same will apply for the propagator in the presence of an external elec- 
tromagnetic field, for the propagator in (|122|l . Then we will have 



G%x,y,(j)) = [l + ie-f5{a{x) -a{y)]Gf{x,y, 



(121) 



The factor can be introduced in the path integral, it appears as a term of 
the same form of the 

Gf{x,y,m) = e-^'^(^(^)-^(3')) / rfTe"™^ / VpVx e'^o ^^Pi^>^(^) 

Jo Jx{0)=y 

X 'p]^^-^ So (^'r^{'r)~^To9i<t>+°')^ _ (122) 
One may then choose a to cancel the term. The final result is therefore: 

Gf{x, y, 0) = e-''^^=^(")G/(x, y)e-''^"^^y'^ , (123) 

an expression could be useful in the numerical implementation of fermionic 
path integrals, which is a long-standing problem. 



7 Anomalies and path roughness 

The anomaly A corresponding to a global axial transformation of the Dirac 
fields: 

5^ = ^^^^5, (124) 
is determined by the (functional and Dirac) regularized trace of 75, 

77i2 



A 



lim Tr 



16 f{- 



M2 



where / is a regulating function which verifies the conditions: 
/(O) = 1 , /(±oo) = /'(±oo) = r(±oo) = . . . = . 



(125) 



(126) 



With the choice /(x) = 1/(1 + x^), and after a little algebra we obtain 
the equivalent expression: 



A 



lim MTr 

M^oo 



75 (^ + M) ' 



(127) 
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This of course may be written in terms of the propagator for a massive field, 
as follows: 



A 



lim Mtr 

M^oo 



75 Gf{x,x) 



(128) 



where tr denotes the trace over spin indices only. Introducing the worldline 
representation, we see that 



A 



lim Mtr 

"OO 

dTe 



75 Gf{x,x) 



-mT 



x(0)=x(T) 



X tr 



dTx(r)-A[x{r)] 



(129) 



Then we note that 75 can, inside the path integral, be written purely in terms 
of i;^(r) and its derivatives, by using relations of the kind already introduced 
in [TT]. There we related the average of 7^ to i^. Now, with a precise form 
that shall depend on the number of spacetime dimensions, we can relate the 
average of 75 to (the average of) a product of x^ and its derivatives. Since the 
order in the product matters, we have to introduce a time splitting between 
the different factors. 

To be more concrete, let us consider the case d = 2. Since 75 = — «7i72, 



Ad= 



-i lim M 



dT e 



-mT 



VpVx e 



i dTp(T)-x{T) 



x(0)=x{T) 



X xi{T)x2{T - e)ti 



-iejg dTx{TyA[x{T)] 



(130) 



where e is a positive infinitesimal parameter, to be taken to zero at the end 
of the calculation. Of course, we may use the more symmetric expression: 



A, 



d=2 



— lim M 

2 M^oo 



dT e 



-mT 



VpVx e^/d''^-PW-*W 



ix{0)=x{T) 

X e^,x^{T)x,{T -e)ii\Ve-'^^^^^^^Ae-''^^'^-'''^-'^-^^^^^^ (131) 



for which we use the notation: 



A, 



d=2 



-- lim M 

2 Af^oo 



dT e 



-mT 



(T)x,(T-e)). 



Expanding for small e, 



A, 



d=2 



- lim M 
2 



dTe^""' e{e^,x^{T)x,{T)) 
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(132) 



(133) 



which shows that, in order to have a non- vanishing chiral anomaly in d = 2, 
the correlation function between and x^, has to be singular at the co- 
incidence limit ^. More precisely, the correlator between the velocity and 
the acceleration in orthogonal directions has to diverge as e~^. The object 
that appears inside the average symbol can also be given a geometric inter- 
pretation: indeed, if one uses the natural parameterization for the paths: 
Xfj. = = 1); then: 

I {e,.x,{T)xAT)) = (^) (134) 

where 9{s) is the angle between the tangent vector to the curve and a (fixed) 
reference line 

In this way, we can rephrase our statement about the roughness: (^^^) 
is singular (~ e~^) when the anomaly is non-vanishing. 
In d = 4, an entirely similar procedure yields 

i /"°° 

Ad=i = -- \im M dTe-""^ {e^,p^x^{T)x,{T - e)xp{T -2e)x^{T -?,e)) , 

6 M^oo Jq 

(135) 

which, in order for the Ihs to be different from zero, requires a different kind 
of singularity in the correlation functions, since it involves up to to de fourth 
derivative of the curve. Its geometrical meaning is less appealing than in four 
dimensions (it is proportional to the rate of variation of the bi-torsion of the 
curve) . 



8 Conclusions 

We have carried further the first-order spin formalism for the worldline, pro- 
viding new tests and applications for Migdal's construction. We have thus 
obtained with this method, new expressions for the propagators and effec- 
tive actions of the Dirac, Proca and complex scalar fields coupled to Abelian 
gauge fields. A remarkable result is the universality of the path order spin 
factor. In fact this can be seen as a natural consequence of the geometric 
representation and are extendible to higher spin fields. 

For constant electromagnetic fields in two dimensions we have shown that 
our results agree with the results from the zeta-function renormalization. The 
results have been then generalized to d even dimensions. Notice that the first 

^Similar qualitative results have been obtained in reference JHI for the effective action 
in the second order formalism. 

''This object also appears in the 'Polyakov phase factor'. See, for example jlfJ) . 
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order formalism one can incorporate the quantum fluctuations of the gauge 
fleld. We have obtained an exact expression for the fermionic propagator in 
1 + 1 dimensions. Other new results are the vortex conflguration and the axial 
anomaly where the results can be understood in terms of a very attractive 
geometric feature of the contributing paths. 

This can provide a useful contribution to the progress in nonperturba- 
tive quantum field dynamics within the worldline. Specially for its numerical 
implementation, which appears as a powerful new alternative Work in 
progress in odd dimensions indicates promising features of transferring inter- 
nal degrees of freedom to geometrical properties of space time which could 
hopefully allow to include non Abelian fields. 

Acknowledgements 

J.S.-G. and R.A.V. thank MCyT (Spain) and FEDER (FPA2005-01963), and 
Incentivos from Xunta de Galicia. C.D.F. has been supported by CONICET. 

References 

[1] J. Schwinger, Phys. Rev. 82, 664 (1951). 

[2] Z. Bern, |arXiv:hep-ph/93Q4249l 

[3] M. J. Strassler, Nucl. Phys. B 385, 145 (1992). 

[4] A. I. Karanikas and C. N. Ktorides, Phys. Rev. D 52, 5883 (1995). 

[5] A. I. Karanikas, C. N. Ktorides and N. G. Stefanis, Phys. Rev. D 52, 
5898 (1995). 

[6] E. D'Hoker and D. G. Gagne, Nucl. Phys. B 467, 272 (1996). 

[7] E. D'Hoker and D. G. Gagne, Nucl. Phys. B 467, 297 (1996). 

[8] M. Renter, M. G. Schmidt and C. Schubert, Annals Phys. 259, 313 
(1997). 

[9] H. Gies, J. Sanchez-Guillen, and R.A. Vazquez, JHEP 0508 (2005) 067. 

[10] A. A. Migdal, Nucl. Phys. B265 [FSI5], 594 (1986). 

[11] C. D. Fosco, J. Sanchez-Guillen, R.A. Vazquez, Phys. Rev. D 69, 
105022 (2004). 



25 



[12] A. Korchemskaya and G. P. Korchemsky, J. Phys. A: Math. Gen. 24, 
4511 (1991). 

[13] S. K. Blau, M. Visser and A. Wipf, Int. J. Mod. Phys. A 6, 5409 (1991). 

[14] S. R. Coleman, Annals Phys. 101, 239 (1976). 

[15] C. C. Gerry and V. A. Singh, Phys. Rev. D 20, 10, 2550 (1979). 

[16] C. Fosco et al, work in progress. 

[17] See, for example, Chapter 31 of: 

J. Zinn- Justin, Quantum Field Theory and Critical Phenomena, Third 
Ed., Oxford University Press (1996). 

[18] H. Gies and J. Hammerling, Phys.Rev. D 72 (2005) 065018. 

[19] Chapter 3; A. M. Polyakov, Gauge Fiels and Strings, Contemporary 
Concepts in Physics, Vol. 3, Harwood Acad. Pub. (1987). 



26 



